Introduction {#Sec1}
============

The evaporation of a liquid drop on a solid substrate has many important biomedical, geophysical, and industrial applications. Such applications include DNA mapping and gene-expression analysis, the water cycle, and the manufacture of semiconductor and micro-fluidic devices (see, for example, \[[@CR1]--[@CR7]\] and references therein). Modelling mass transfer from a partially wetting liquid drop is complicated because one must consider the transport of mass, momentum, and energy within and between three phases: the solid substrate, the liquid, and the surrounding atmosphere (assumed here to be a mixture of the liquid vapour and an inert gas). A key ingredient of any such model is an expression for the mass flux across the liquid--gas interface.

A commonly used model of a drop evaporating into an inert gas is the 'lens' model \[[@CR2], [@CR5], [@CR8]--[@CR12]\]. The lens model is based on the assumptions that the drop is axisymmetric, the vapour concentration field is stationary, and the vapour immediately above the liquid--gas interface is at thermodynamic equilibrium, with the equilibrium vapour concentration being constant. These assumptions imply that evaporation is limited by the diffusion of vapour away from the interface. Notably, however, the lens model is thought not to apply to water \[[@CR2], [@CR11]\].

The 'lens' model is so-called because the mixed-boundary-value problem for the vapour concentration is mathematically equivalent to that of finding the electric potential around a lens-shaped conductor \[[@CR10], [@CR13]\]. Furthermore, if the drop is thin, this problem reduces to one equivalent to that of finding the electric potential around a disc charged to a uniform potential. The analytical solution of this electrostatic problem \[[@CR14]\], translated to the evaporation problem, shows that the mass flux $\documentclass[12pt]{minimal}
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                \begin{document}$$E^*$$\end{document}$ per unit area per unit time has the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E^* \propto \frac{1}{(R^2 - r^{*2})^{1/2}}, \end{aligned}$$\end{document}$$where *R* is the radius of the circular contact set and $\documentclass[12pt]{minimal}
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                \begin{document}$$r^*$$\end{document}$ is the distance from the axis of symmetry of the thin drop. The expression ([1](#Equ1){ref-type=""}) for the mass flux has an inverse-square-root singularity at the contact line. Since this singularity is integrable, the total mass flux out of the drop is not singular, and physically reasonable predictions for the evolution of the drop volume are obtained even without regularization of the mass-flux singularity \[[@CR10], [@CR12]\]. However, the need to supply a diverging mass flux means that there is a singularity in the depth-averaged radial velocity of the liquid flow within the drop \[[@CR10], [@CR12]\]. Such a divergent velocity is clearly unphysical. In reality the mass flux at the contact line must be finite. Relaxing the assumption that the vapour concentration is stationary affects only the coefficient of the singularity. Instead, the assumption that the vapour immediately above the liquid--gas interface is at equilibrium must be invalid in the vicinity of the contact line.

If the gas phase surrounding the drop instead consists of its vapour only (and no inert gas), an alternative boundary condition to apply on the liquid--gas interface is the Hertz--Knudsen relation, derived from the kinetic theory of gases \[[@CR15]\]. The Hertz--Knudsen relation states that the mass flux across the drop surface per unit area per unit time is proportional to the difference between the equilibrium vapour density and the density of the vapour immediately above the drop. Formulated in terms of the vapour concentration (rather than the vapour density), on the free surface of the drop, we have$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E^* = Mv_\mathrm{{k}}(c_\mathrm{{e}}^* - c^*), \end{aligned}$$\end{document}$$where *M* is the molar mass of the liquid vapour, $\documentclass[12pt]{minimal}
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                \begin{document}$$v_\mathrm{{k}}$$\end{document}$ is a typical kinetic velocity (which we define later in the paper), $\documentclass[12pt]{minimal}
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                \begin{document}$$c_\mathrm{{e}}^*$$\end{document}$ is the equilibrium vapour concentration, and $\documentclass[12pt]{minimal}
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                \begin{document}$$c^*$$\end{document}$ is the vapour concentration at the interface. It is immediately apparent from the expression ([2](#Equ2){ref-type=""}) that, provided the vapour concentration $\documentclass[12pt]{minimal}
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                \begin{document}$$c^*$$\end{document}$ is finite, the mass flux is non-singular. The Hertz--Knudsen relation or the modified versions formulated in terms of vapour pressure, density, or temperature, have previously been used to model the evaporation of thin films \[[@CR16]\], vapour bubbles in microchannels \[[@CR17]\], and droplet evaporation on a precursor film \[[@CR18]\]. While the assumptions required to derive the Hertz--Knudsen relation are not strictly satisfied when an inert gas is present, there is some experimental evidence that the Hertz--Knudsen relation is valid in such situations \[[@CR19]\]. A possible explanation for this is that immediately above the drop, the gas phase is almost entirely vapour. It may therefore be reasonable to use the Hertz--Knudsen relation to model evaporation into an inert gas \[[@CR20], [@CR21]\].

To close a model based upon the Hertz--Knudsen relation ([2](#Equ2){ref-type=""}), it is necessary to prescribe a constitutive law for the equilibrium vapour concentration $\documentclass[12pt]{minimal}
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                \begin{document}$$c_\mathrm{{e}}^*$$\end{document}$ (of course, such a constitutive law is also necessary if one makes the equilibrium assumption that $\documentclass[12pt]{minimal}
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                \begin{document}$$c^* = c_\mathrm{{e}}^*$$\end{document}$ on the liquid--gas interface). The simplest choice of constitutive law is to assume that the equilibrium vapour concentration is constant (as in the lens model). For a constant equilibrium vapour concentration, a kinetics-based model has the major advantage that, to leading order in the thin-film limit, the vapour transport problem depends on the liquid flow solely through the geometry of the contact set (and not through the drop thickness). This means that the vapour transport problem may be solved independently of the liquid problem. In this study, we shall exploit the simplicity of a kinetics-based model with a constant equilibrium vapour concentration to perform a mathematical analysis of the model and investigate the way in which kinetic effects regularize the mass-flux singularity.

Another possible constitutive law for the equilibrium vapour concentration is Kelvin's equation; this takes into account the variation in vapour pressure due to the curvature of the liquid--gas interface \[[@CR22]\]. This approach has been used to model the evaporation of liquid drops in the presence of an ultra-thin precursor film that wets the substrate ahead of the drop \[[@CR8], [@CR23]\]. In the bulk of the drop (away from the contact line), the dominant term in a linearized version of Kelvin's equation is independent of the drop thickness. As a result, in an outer region away from the contact line, a constant vapour concentration is prescribed on the liquid--gas interface and the mass flux appears to have a singularity at the contact line \[[@CR23]\]. This singularity is in fact regularized in an inner region in the vicinity of the contact line, in which the other terms in Kelvin's equation become important \[[@CR24]\]. In problems with a moving contact line, this evaporation model has the significant advantage that it also regularizes the stress singularity at the contact line \[[@CR25], [@CR26]\]. Another advantage is the compatibility of the model with a precursor film; there is experimental evidence that such films exist in at least some parameter regimes \[[@CR27], [@CR28]\]. We shall neglect the Kelvin effect in this paper, and establish *a posteriori* the regimes in which it is appropriate to do so (see Appendix 6).

In this paper, we adopt a linear, kinetics-based constitutive law for the mass flux across the liquid--gas interface, inspired by the Hertz--Knudsen relation ([2](#Equ2){ref-type=""}); we assume that the equilibrium vapour concentration is constant. We will have two main goals. The first is to investigate the way in which kinetic effects regularize the mass-flux singularity at the contact line. The second is to derive an explicit expression for the evaporation rate. In Sect. [2](#Sec2){ref-type="sec"}, we formulate and non-dimensionalize the mixed-boundary-value problem for the vapour concentration. In Sect. [3](#Sec3){ref-type="sec"}, we perform a local analysis of both the lens evaporation model and the kinetics-based model to investigate the regularization of the mass-flux singularity at the contact line. In Sect. [4](#Sec6){ref-type="sec"}, we solve the mixed-boundary-value problem formulated in Sect. [2](#Sec2){ref-type="sec"} to obtain an explicit expression for the evaporation rate. In Sect. [5](#Sec9){ref-type="sec"}, we perform an asymptotic analysis in the physically relevant limit in which the timescale of vapour diffusion is much longer than the timescale of kinetic effects to gain further insight into how kinetic effects regularize the mass-flux singularity. We find that there is an outer region away from the contact line where the equilibrium assumption (which leads to the mass-flux singularity) is recovered from our constitutive law and an inner region near the contact line where kinetic effects regularize the mass-flux singularity. The inner problem is solved explicitly using the Wiener--Hopf method, allowing us to derive a uniformly valid composite expansion for the mass flux in this asymptotic limit. In Sect. [6](#Sec18){ref-type="sec"}, we summarize our results and outline some possible directions for future work.

Formulation {#Sec2}
===========

We consider a three-dimensional, axisymmetric drop on a rigid, flat, impermeable substrate. We introduce cylindrical polar coordinates $\documentclass[12pt]{minimal}
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                \begin{document}$$(r^*,z^*)$$\end{document}$ measuring the radial distance from the axis of symmetry of the drop and the normal distance from the substrate, respectively (here and hereafter, starred variables denote dimensional quantities). The contact set of the drop is $\documentclass[12pt]{minimal}
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                \begin{document}$$0 \le r^* < R$$\end{document}$, so that $\documentclass[12pt]{minimal}
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                \begin{document}$$(r^*,z^*) = (R,0)$$\end{document}$ is the location of the contact line (at which the drop thickness vanishes). A mixture of liquid vapour and an inert gas occupies the region above the drop and substrate. A definition sketch is shown in Fig. [1](#Fig1){ref-type="fig"}. We assume that the drop is thin: the slope everywhere is comparable to the microscopic contact angle, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPhi \ll 1$$\end{document}$. Thus, the vertical extent of the drop is much smaller than the radius of the circular contact set of the drop; since the latter is the relevant lengthscale for the transport of liquid vapour, the gas phase occupies the region $\documentclass[12pt]{minimal}
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                \begin{document}$$z^* > 0$$\end{document}$ to leading order in the limit of a thin drop.Fig. 1Definition sketch. Cylindrical polar coordinates $\documentclass[12pt]{minimal}
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                \begin{document}$$(r^*,z^*)$$\end{document}$ measure the radial distance from the axis of symmetry of the drop and the normal distance from the substrate, respectively. The location of the contact line is $\documentclass[12pt]{minimal}
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                \begin{document}$$(r^*,z^*) = (R,0)$$\end{document}$.

We assume that the dynamics of the vapour may be reduced to a diffusion equation for the vapour concentration $\documentclass[12pt]{minimal}
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                \begin{document}$$c^*$$\end{document}$, with constant diffusion coefficient *D*. We further assume that the timescale of vapour diffusion is much shorter than the timescale of the liquid flow (a common assumption in the literature \[[@CR9], [@CR10], [@CR12]\]). Thus, transport of the vapour is governed to leading order in the thin-film limit by Laplace's equation, with$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \nabla ^2c^* = 0 \quad \hbox {for}~z^* > 0. \end{aligned}$$\end{document}$$We assume that the vapour concentration in the far field takes a constant value $\documentclass[12pt]{minimal}
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                \begin{document}$$c_{\infty }$$\end{document}$, so that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} c^* \rightarrow c_\infty \quad \hbox {as}~r^{*2} + z^{*2} \rightarrow \infty ,~z^* > 0. \end{aligned}$$\end{document}$$The inert gas is assumed to be insoluble in the liquid, so that the mass flux $\documentclass[12pt]{minimal}
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                \begin{document}$$E^*$$\end{document}$ across the interface per unit area per unit time is entirely accounted for by the mass flux of liquid vapour. Since the substrate is impermeable, we have a condition of no flux of vapour through the substrate. After linearizing the boundary condition on the surface of the drop onto $\documentclass[12pt]{minimal}
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                \begin{document}$$z^* = 0$$\end{document}$, we obtain, to leading order in the thin-film limit, the boundary conditions$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&-DM\frac{\partial {c^*}}{\partial {z^*}} = E^* \quad \hbox {on}~z^* = 0,~0 \le r^* < R, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\frac{\partial {c^*}}{\partial {z^*}} = 0 \quad \hbox {on}~z^* = 0,~r^* > R, \end{aligned}$$\end{document}$$where *M* is the molar mass of the liquid vapour.

We assume that the mass flux out of the drop is governed by a linear constitutive law, given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E^* = Mv_\mathrm{{k}}(c_\mathrm{{e}} - c^*), \end{aligned}$$\end{document}$$where the equilibrium vapour concentration $\documentclass[12pt]{minimal}
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                \begin{document}$$c_\mathrm{{e}}$$\end{document}$ is a constant. The constitutive law ([7](#Equ7){ref-type=""}) is inspired by the Hertz--Knudsen relation \[[@CR15]\]. As discussed in Sect. [1](#Sec1){ref-type="sec"}, the Hertz--Knudsen relation is strictly only valid when the gas phase consists of pure vapour. However, there is experimental evidence that it may be valid for a vapour--inert gas mixture \[[@CR19]\], and it has previously been used to model such situations \[[@CR20], [@CR21]\]. The constant $\documentclass[12pt]{minimal}
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                \begin{document}$$v_\mathrm{{k}}$$\end{document}$ is a typical kinetic velocity, given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} v_\mathrm{{k}} = \sigma _\mathrm{{e}}\left( \frac{R_\mathrm{{u}}T_\mathrm{in}}{2\pi M}\right) ^{1/2}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$R_\mathrm{{u}}$$\end{document}$ is the universal gas constant and $\documentclass[12pt]{minimal}
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                \begin{document}$$T_\mathrm{in}$$\end{document}$ is the interfacial temperature. The (dimensionless) evaporation coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _\mathrm{{e}}$$\end{document}$ is the fraction of the maximum possible evaporating flow rate that actually occurs \[[@CR15]\]. One disadvantage of the constitutive law ([7](#Equ7){ref-type=""}) is that the evaporation coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _\mathrm{{e}}$$\end{document}$ is difficult to estimate; although a value of unity has been reported for many standard liquids, smaller values (anywhere between about $\documentclass[12pt]{minimal}
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                \begin{document}$$10^{-4}$$\end{document}$ and 1) have been reported in other cases.

A quantity of interest is the surface-integrated flux out of the drop $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} Q^* = 2\pi \int _0^R r^*E^*(r^*)\,\mathrm {d}r^*. \end{aligned}$$\end{document}$$The quantity $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^*$$\end{document}$ is needed to determine the evolution of the volume of the drop and thus the extinction time (at which the drop volume vanishes), even in models that do not consider the detailed hydrodynamics of motion \[[@CR29], [@CR30]\].

We see that if the contact line is pinned (so that the contact-set radius *R* is constant) the model ([3](#Equ3){ref-type=""})--([7](#Equ7){ref-type=""}) is independent of time---i.e. the problem is steady. If instead the contact line is allowed to move (so that *R* depends on time), then the problem is quasi-steady; the time dependence would become important if the expression that we ultimately derive for the mass flux were to be used as an input for a model for the evolution of the liquid drop. We shall use the contact-set radius *R* as a typical lengthscale on which to non-dimensionalize, suppressing the dependence of *R* on time in the case that the contact line is allowed to move. Thus, the expression that we shall ultimately derive for the evaporation rate will be valid for drops with either pinned or moving contact lines.

We non-dimensionalize ([3](#Equ3){ref-type=""})--([7](#Equ7){ref-type=""}) by scaling $\documentclass[12pt]{minimal}
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                \begin{document}$$E^* = DM(c_\mathrm{{e}}-c_\infty )E/R$$\end{document}$. We obtain thereby the following mixed-boundary-value problem for the dimensionless vapour concentration *c*(*r*, *z*):$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\nabla ^2 c = 0 \quad \hbox {for}~z > 0, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&c \rightarrow 0 \quad \hbox {as}~r^2 + z^2 \rightarrow \infty ,~z > 0, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&-\frac{\partial {c}}{\partial {z}} = \mathrm {Pe_k}(1-c) \quad \hbox {on}~z = 0,~0 \le r < 1, \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\frac{\partial {c}}{\partial {z}} = 0 \quad \hbox {on}~z = 0,~r > 1, \end{aligned}$$\end{document}$$where non-dimensionalization has introduced a dimensionless parameter, namely the kinetic Péclet number,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {Pe_k}= \frac{Rv_\mathrm{{k}}}{D}. \end{aligned}$$\end{document}$$The kinetic Péclet number is the ratio of the timescales of diffusive and kinetic effects (over the radius of the circular contact set of the drop: $\documentclass[12pt]{minimal}
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                \begin{document}$$R/v_\mathrm{{k}}$$\end{document}$, respectively) and is the only parameter remaining in the problem following non-dimensionalization. We note the physical significance of two extreme cases: $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Pe_k}= 0$$\end{document}$ corresponds to the case of no mass transfer, while $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Pe_k}= \infty $$\end{document}$ corresponds to the case in which the vapour immediately above the free surface is at thermodynamic equilibrium, so that $\documentclass[12pt]{minimal}
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                \begin{document}$$z=0,~0\le r<1$$\end{document}$. Since this is the limit used in the lens model, we expect to obtain a diverging mass flux at the contact line as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Pe_k}\rightarrow \infty $$\end{document}$ (as will be discussed in Sect. [3.1](#Sec4){ref-type="sec"}). In Table [1](#Tab1){ref-type="table"}, we give typical values of the relevant physical parameters for various liquids and various drop radii. We see that the kinetic Péclet number may take a wide range of values, but that it is at least moderately large for all but very small drops.Table 1Values of the physical parameters used in the model for hexane, isopropanol, and HFE-7100 at 25 $\documentclass[12pt]{minimal}
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The key quantity of interest, the dimensionless evaporation rate *E*(*r*), is given by$$\documentclass[12pt]{minimal}
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Local analysis near the contact line {#Sec3}
====================================

In this section, we perform a local analysis near the contact line of both the lens model and the kinetics-based model (considering the former puts the latter into context). This will demonstrate explicitly that the lens model has a mass-flux singularity at the contact line, while the kinetics-based model does not. Comparing the local expansions for the two models should also give us some insight into the way in which the kinetics-based model regularizes the mass-flux singularity.

Lens model {#Sec4}
----------
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From the exact solution ([18](#Equ18){ref-type=""}), we deduce that the local expansion of the solution near the contact line is given by$$\documentclass[12pt]{minimal}
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Kinetics-based model {#Sec5}
--------------------
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We recall that the lens model is a special case of the kinetics-based model with $\documentclass[12pt]{minimal}
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Explicit expression for the evaporation rate {#Sec6}
============================================

We shall now solve the mixed-boundary-value problem ([10](#Equ10){ref-type=""})--([13](#Equ13){ref-type=""}). An important aim of this calculation is to determine the degree of freedom $\documentclass[12pt]{minimal}
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                \begin{document}$$c_\mathrm{{L}}(\mathrm {Pe_k})$$\end{document}$, appearing in ([22](#Equ22){ref-type=""}), which will put the results of Sect. [3](#Sec3){ref-type="sec"} in context. We will also obtain an explicit expression for the evaporation rate; this expression would be a key ingredient in investigations of the evolution of the drop.

Solution of the mixed-boundary-value problem {#Sec7}
--------------------------------------------

We note that the mixed-boundary-value problem ([10](#Equ10){ref-type=""})--([13](#Equ13){ref-type=""}) is mathematically equivalent to that of finding the temperature around a partially thermally insulated disc whose exterior is completely insulated; this problem was solved by Gladwell et al. \[[@CR36]\] using Hankel, Fourier cosine, and Abel transforms, as well as properties of Legendre polynomials. The solution is given by$$\documentclass[12pt]{minimal}
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Computing the evaporation rate {#Sec8}
------------------------------
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Asymptotic analysis in the limit of large kinetic Péclet number {#Sec9}
===============================================================
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Outer region {#Sec10}
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Inner region {#Sec11}
------------

### The leading-order-inner problem {#Sec12}
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### Regularized inner problem {#Sec13}
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### Inversion to find the inner mass flux {#Sec15}
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Conclusions from the matched-asymptotic analysis {#Sec16}
------------------------------------------------

The evaporation rate ([40](#Equ40){ref-type=""}) is of order-unity size in the outer region of order-unity width away from the contact line, while the evaporation rate ([88](#Equ88){ref-type=""}) is of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {O}(\mathrm {Pe_k}^{1/2})$$\end{document}$ in the inner region of width $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {O}(\mathrm {Pe_k}^{-1})$$\end{document}$ at the contact line. We therefore expect from ([16](#Equ16){ref-type=""}) that the dominant contribution to the total flux out of the drop *Q* comes from the outer region, with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Q = 4\int _0^1 \frac{r\,\mathrm {d}r}{(1-r^2)^{1/2}} + \mathrm {O}(\mathrm {Pe_k}^{-1/2}) = 4 + \mathrm {O}(\mathrm {Pe_k}^{-1/2}) \quad \hbox {as}~\mathrm {Pe_k}\rightarrow \infty . \end{aligned}$$\end{document}$$(We shall present numerical evidence in Sect. [5.4](#Sec17){ref-type="sec"} that the error term in ([89](#Equ89){ref-type=""}) is in fact of size $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {O}(\log (\mathrm {Pe_k})/\mathrm {Pe_k})$$\end{document}$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Pe_k}\rightarrow \infty $$\end{document}$.)
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From the expressions ([40](#Equ40){ref-type=""}) and ([88](#Equ88){ref-type=""}) for the evaporation rate in the outer and inner regions, respectively, we deduce that a leading-order additive composite expansion for the evaporation rate *E*(*r*), uniformly valid for $\documentclass[12pt]{minimal}
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Validation of asymptotic results {#Sec17}
--------------------------------

We shall now validate our leading-order asymptotic predictions against the finite-$\documentclass[12pt]{minimal}
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To evaluate numerically the leading-order composite expansion for the evaporation rate ([92](#Equ92){ref-type=""}), we first write the function *I*(*t*) as$$\documentclass[12pt]{minimal}
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Discussion {#Sec18}
==========

Our first aim in this paper was to investigate how the mass-flux singularity at the contact line of a thin, evaporating drop is regularized by applying a linear constitutive law on the liquid--gas interface that takes kinetic effects into account. Our second aim was to derive an explicit expression for the evaporation rate.

In Sect. [2](#Sec2){ref-type="sec"}, we formulated a model for the transport of liquid vapour within the gas phase, assuming that the vapour concentration is steady, there is no flux of vapour through the solid substrate, the mass flux through the liquid--gas interface is governed by a linear, kinetics-based constitutive law, and the diffusion coefficient and the equilibrium and far-field vapour concentrations are all constant. The model was non-dimensionalized, leaving us with a single dimensionless parameter, the kinetic Péclet number $\documentclass[12pt]{minimal}
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In Sect. [3](#Sec3){ref-type="sec"}, we performed a local analysis in the vicinity of the contact line on the kinetics-based model and also on the more standard lens evaporation model (which leads to a mass-flux singularity at the contact line). This demonstrated that the vapour concentration at the contact line $\documentclass[12pt]{minimal}
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In Sect. [4](#Sec6){ref-type="sec"}, we solved the mixed-boundary-value problem and deduced an expression for the mass flux in terms of a set of coefficients that satisfy a system of infinitely many linear algebraic equations. Analysis of the expression for the mass flux confirmed the hypotheses made in Sect. [3](#Sec3){ref-type="sec"} about the degree of freedom $\documentclass[12pt]{minimal}
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                \begin{document}$$c_\mathrm{{L}}$$\end{document}$ and how the mass-flux singularity is regularized by kinetic effects. Our numerical simulations suggested that there was a boundary layer close to the contact line in which the evaporation rate was of size $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Pe_k}\rightarrow \infty $$\end{document}$. This motivated us to further analyse the physically relevant limit of large kinetic Péclet number.

In Sect. [5](#Sec9){ref-type="sec"}, we performed a matched-asymptotic analysis of our model in the physically relevant regime of large kinetic Péclet number. We found that the asymptotic structure of the problem consists of an outer region away from the contact line, in which the vapour immediately above the liquid--gas interface is at equilibrium to leading order (as is assumed in the lens model). However, there is also an inner region near the contact line, in which kinetic effects enter at leading order. The leading-order-outer problem is equivalent to the lens model, while the leading-order-inner problem was solved readily using the Wiener--Hopf method. We found that the assumption that the vapour immediately above the drop surface is at thermodynamic equilibrium is valid in the outer region, with the mass-flux singularity being regularized in the inner region. We deduced from our leading-order asymptotic solution that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Pe_k}\rightarrow \infty $$\end{document}$, quantifying the way in which kinetic effects regularize the mass-flux singularity. We also constructed a leading-order additive composite expansion and validated this asymptotic prediction by comparison with the solution found in Sect. [4](#Sec6){ref-type="sec"}; we found good agreement for physically realistic values of the kinetic Péclet number. Thus, for such values of the kinetic Péclet number, either solution for the mass flux may be used as an input to a model for the evolution of a liquid drop.

The most important direction for future work is to incorporate our expression for the mass flux into a model for the evolution of the liquid drop. This would allow us to obtain predictions for the evaporation time, the evolution of the drop volume (or, equivalently, the dynamic contact angle or drop thickness), and, in the case of a moving contact line, the evolution of the contact-set radius within this model. Previous theoretical work has obtained such predictions for the lens evaporation model (with a mass-flux singularity at the contact line) \[[@CR11], [@CR12], [@CR41], [@CR42]\] and for other evaporation models \[[@CR7], [@CR11], [@CR18], [@CR43]--[@CR49]\]. In particular, it would be informative to compare the predictions of this previous work to the corresponding predictions for the model considered here. This comparison would give us some indication of what net result the inclusion of kinetic effects has on the liquid motion beyond regularizing the mass-flux singularity.

For a pinned drop, the evolution of the drop volume is fully described by the global conservation of mass equation ([105](#Equ104){ref-type=""}). We have seen that, in the physically relevant limit when kinetic effects are weak compared to diffusive effects, the leading-order total flux out of the drop per unit time is the same for the kinetics-based model and the lens model.

For a drop with a moving contact line, we expect an important factor in determining the effect of kinetics to be the relative widths of the inner region in which kinetic effects come into play and the region in which the force singularity at a moving contact line is regularized. If the kinetic region is smaller, presumably the only noticeable effect of kinetics is to regularize the mass-flux singularity, while the remainder of the drop dynamics is the same as for the lens model (which we have shown is the leading-order approximation to the kinetics-based model away from the contact line when kinetic effects are weak compared to diffusive effects). On the other hand, if the kinetic region is at least as large as the region in which the force singularity is regularized, we expect that kinetics will have a more significant effect on the drop dynamics. Analysis of the drop dynamics for the lens model \[[@CR12]\] suggests that this effect may be through an effective microscopic contact angle (different to both the true microscopic contact angle and the effective one for the lens model) that appears in the contact-line law.

Our analysis assumed that the timescale of vapour diffusion was much shorter than the timescale of interest (set by the liquid evolution). However, there are some situations in which the timescale of diffusion is comparable to the shortest timescale on which mass loss is important \[[@CR12]\]. In such cases, Laplace's equation must be replaced by the unsteady diffusion equation. The resulting problem for the vapour concentration may be solved analytically \[[@CR50]\]; we expect the solution on the timescale of vapour diffusion to converge in the long-time limit to the solution of the steady problem. A more thorough study of vapour transport would therefore be an interesting direction for future work. This point is particularly relevant for water, for which it is thought that the effect of the atmosphere may be important \[[@CR51]--[@CR53]\].

We made the assumption that the equilibrium vapour concentration is constant. However, there are many experimentally relevant scenarios in which it is more reasonable to assume that the equilibrium vapour concentration varies with temperature \[[@CR21], [@CR45], [@CR54]\] or with the curvature of the interface \[[@CR20], [@CR24], [@CR26]\]. In these cases, the appropriate modification of the mass flux is not independent of the drop thickness. A more thorough investigation of these scenarios would be of interest. In Appendix 6, we use the analysis of this paper to determine the range of lengthscales over which it is appropriate to neglect the effect of variations in the equilibrium concentration due to curvature (i.e. the Kelvin effect) compared to kinetic effects.

We also assumed that the problem is axisymmetric. In the non-axisymmetric case, in the large-$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {Pe_k}$$\end{document}$ limit, we expect that the details of the inner region would be the same in each plane perpendicular to the contact line, provided that the contact line is smooth. It would be interesting to investigate this point further and compare the results to previous work on non-axisymmetric drops \[[@CR48]\].

The analysis presented in this paper pertains to thin drops, with a small microscopic contact angle $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {O}(\varPhi )$$\end{document}$-corrections would depend on the shape of the drop. Dependence on the drop profile is an ingredient in different mass-transfer models, such as those utilizing the Kelvin effect \[[@CR23], [@CR26]\].

The expression ([2](#Equ2){ref-type=""}) for the mass flux suggests that the inclusion of kinetic effects also ensures a finite mass flux for thick drops (where the aspect ratio is of order unity). A local analysis of the lens model near the contact line for $\documentclass[12pt]{minimal}
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Appendix 1: The liquid phase {#Sec19}
============================

In Sect. [1](#Sec1){ref-type="sec"}, we noted that the lens model leads to a singularity in the liquid flow at the contact line. In this appendix, we give some brief details about the typical mathematical model for the liquid phase, assuming the flow to be axisymmetric. We use this model to show explicitly that the lens model leads to a singularity in the liquid velocity, while no such singularity is present for the kinetics-based model.

Formulation {#Sec20}
-----------

Conservation of mass implies that, in the thin-film limit, the dimensional drop thickness $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{u}^*(r^*,t^*)$$\end{document}$ is the depth-averaged radial velocity of the liquid flow, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho $$\end{document}$ is the density of the liquid (assumed to be constant). We assume that there are no body forces, the surface-tension $\documentclass[12pt]{minimal}
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                \begin{document}$$\Lambda $$\end{document}$ is the slip length (both assumed to be constant). A typical radial lengthscale is given by the initial contact-set radius $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ of capillary action may be identified from a balance of the two terms on the left-hand side of the thin-film equation ([99](#Equ99){ref-type=""}) \[[@CR12]\]. The thin-film approximation required to derive ([99](#Equ99){ref-type=""}) is valid when the microscopic contact angle $\documentclass[12pt]{minimal}
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We non-dimensionalize by setting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r^* = R_0\widehat{r}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t^* =\tau t$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R = R_0s$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h^* = \varPhi R_0h$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overline{u}^* = R_0\overline{u}/\tau $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E^* = DM(c_\mathrm{{e}} - c_\infty )\widehat{E}/R_0$$\end{document}$ (so that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{r} = sr$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\widehat{E} = E/s$$\end{document}$). We obtain thereby the dimensionless thin-film equation given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ of the timescales of capillary action and mass loss, and the slip coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ that measures the ratio of the drop thickness to the slip length. These dimensionless parameters are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{r} = 0$$\end{document}$ (104a, b) are symmetry conditions. The third boundary condition (104c) states that the drop thickness vanishes at the contact line. The fourth boundary condition (104d) states that the dimensionless (small) microscopic contact angle is 1. We note that a local analysis of the thin-film equation ([101](#Equ101){ref-type=""}) and ([102](#Equ102){ref-type=""}) subject to the contact-line boundary conditions (104c, d) implies that there is no flux of liquid through the contact line \[[@CR12]\].

We deduce from the thin-film equation ([101](#Equ101){ref-type=""}) and the no-flux boundary conditions that the expression representing global conservation of mass of the drop is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{Q} = sQ$$\end{document}$ is the total (dimensionless) mass flux out of the drop per unit time.

Local analysis {#Sec21}
--------------

To put our analysis of the lens and kinetics-based models into context, let us first consider the case of no evaporation ($\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{E} = 0$$\end{document}$). A local analysis of the thin-film equation ([101](#Equ101){ref-type=""}) subject to the boundary conditions (104c, d) reveals that, for a moving contact line,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Let us next consider the lens evaporation model. We write the local expansion ([21](#Equ21){ref-type=""}) for the evaporation rate near the contact line in terms of liquid variables:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \widehat{E} \sim \frac{2^{1/2}}{\pi (s-\widehat{r})^{1/2}} \quad \hbox {as}~\widehat{r} \rightarrow s^-. \end{aligned}$$\end{document}$$A local analysis of the thin-film equation ([101](#Equ101){ref-type=""}) subject to the boundary conditions (104c, d) therefore reveals that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \overline{u} \sim \frac{2^{1/2}\alpha }{s^{1/2}(s-\widehat{r})^{1/2}} \quad \hbox {as}~\widehat{r} \rightarrow s^-; \end{aligned}$$\end{document}$$there is an inverse-square-root singularity in the depth-averaged radial velocity at the contact line.

Let us now consider the kinetics-based evaporation model. We write the local expansion ([23](#Equ23){ref-type=""}) for the evaporation rate near the contact line in terms of liquid variables:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \overline{u} \sim \dot{s} + \alpha E_\mathrm{{L}} \quad \hbox {as} \quad \widehat{r} \rightarrow s^-. \end{aligned}$$\end{document}$$Thus, for the kinetics-based model, there is no singularity in the depth-averaged radial velocity at the contact line.
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Appendix 2: Evaporation rate at the contact line {#Sec22}
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Appendix 3: An Abelian Theorem {#Sec23}
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We are often interested in the domains of holomorphy of the one-sided Fourier transforms of a function *f*(*x*) ([49](#Equ49){ref-type=""}), as well as their behaviour as $\documentclass[12pt]{minimal}
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Appendix 4: Wiener--Hopf product factorization {#Sec24}
==============================================
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Appendix 5: Inversion to find *C*(*X*, *Y*) {#Sec25}
===========================================
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Appendix 6: When can the Kelvin effect be neglected? {#Sec26}
====================================================

In this appendix, using the results of our analysis in Sect. [5](#Sec9){ref-type="sec"} of the physically relevant limit in which the kinetic Péclet number $\documentclass[12pt]{minimal}
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In order to incorporate the Kelvin effect into our evaporation model, we would assume that the equilibrium vapour concentration $\documentclass[12pt]{minimal}
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